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Abstract

In this paper, we study the homological algebra of the category 7c¢ of
locally convex topological vector spaces from the point of view of derived cat-
egories. We start by showing that 7c¢ is a quasi-abelian category in which
products and direct sums are exact. This allows us to derive projective and
inductive limit functors and to clarify their homological properties. In par-
ticular, we obtain strictness and acyclicity criteria. Next, we establish that
the category formed by the separated objects of 7 ¢ is quasi-abelian and has
the same derived category as 7 c¢. Since complete objects of 7 ¢ do not form a
quasi-abelian category, we are lead to introduce the notion of cohomological
completeness and to study the derived completion functor. Our main result
in this context is an equivalence between the subcategory of D(7¢) formed
by cohomologically complete complexes and the derived category of the cat-
egory of pro-Banach spaces. We show also that, under suitable assumptions,
we can reduce the computation of Ext’s in 7 ¢ to their computation in Ban
by means of derived projective limits. We conclude the paper by studying
derived duality functors.

Contents

0 Introduction 2

1 Homological algebra for locally convex spaces 5
1.1 The category 7 ¢ and its derived category . . . . . . . . .. .. .. .. 5
1.2 Derived limits of locally convex spaces . . . . . . ... ... ... .. 9

1991 AMS Mathematics Subject Classification. 46M20, 46M40, 18G50.
Key words and phrases. Homological methods for functional analysis, derived projective and
inductive limits, pro-objects, non-abelian homological algebra, quasi-abelian categories.



2 Fabienne Prosmans

2 Separation functors 16
2.1 The category Tc . . . .. ... .. e 16
2.2 Equivalence between D(7¢) and D(7T¢) . . . . .. ... .. ... ... 20
2.3 The functors Zcl and Sep . . . . . . .. ..o 22

3 Completion functors 24
3.1 The category TC o 24
3.2 The functor Cpl and cohomological completeness . . . . . . ... .. 29
3.3 Equivalence between DI (7¢) and D" (Pro(Ban)) . . ... ... ... 33
3.4 Equivalence between DT (Fr) and Dt (Proy(Ban)) . . .. .. .. .. 38

4 Duality functors 42
4.1 The inductivedual . . . . .. ..o 42
4.2 Relations with the strong dual . . . . . ... ... ... L. 49

0 Introduction

Our aim in this paper is to study the category 7c¢ of locally convex topological
vector spaces from an homological point of view using derived categories. It is well-
known that the category 7 ¢ is not abelian. Hence, we may not use the classical
techniques of homological algebra. We however prove that 7 ¢ is quasi-abelian. This
allows us to construct the derived category of 7¢ as explained in [8, 11]. In this
framework, we study the usual functors of functional analysis such as projective and
inductive limit, homomorphism, separation, completion and duality functors. A first
study of the homological algebra of these functors was done by Palamodov in [7].
Here, by working in derived categories and using the language of pro-objects, we are
able to state these results in a more natural way as well as to clarify their proves.
This approach also allows us to generalize some of the results to a non countable
situation (see e.g. Theorem 3.3.16). Since any complete space is a projective limit of
Banach spaces, it is natural to hope to reduce many homological properties of the
category 7 ¢ to the corresponding properties of the category Ban of Banach spaces
by means of derived projective limit functors. For this reduction, we need both
general properties of derived projective limit functors in quasi-abelian categories
(see [9]) and more specific properties for the category of topological abelian groups
(see [10]).

In the first part of Section 1, we recall the definition of the category 7 c¢ of locally
convex topological vector spaces. Using the results obtained in [10] for the category
TAb of topological abelian groups, we show that 7 ¢ is quasi-abelian. After recalling
the fact that the category 7 ¢ has enough injective objects but not enough projective
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objects, we end with a criterion for checking that a null-sequence of 7 ¢ is costrictly
exact. In the second part, thanks to the exactness of products and direct sums in
T ¢, we deduce, from the general results of [9] that projective and inductive limit
functors are derivable in 7 ¢ and that their derived functors are computable by Roos
complexes. Then, using results established in [10], we show that if X is a projective
system of 7 ¢ indexed by a filtering ordered set, the differential d* of its Roos complex
is strict for £ > 1 and that d° is strict if and only if X satisfies the condition SC
(i.e. if and only if for any ¢ € I and any absolutely convex neighborhood of zero U
in X;, there is j > ¢ such that

ik (Xi) C ¢;(lim X;) + U
i€l
for any k > j). As a corollary, we get that a projective system of 7 ¢ indexed by a
filtering ordered set is lim-acyclic in 7 ¢ if and only if it is lim-acyclic in the category
of vector spaces and satisfies the condition SC. In particular, if the index set I
has a cofinal countable subset and if the spaces X; are Fréchet, the condition SC
is necessary and sufficient for the lim-acyclicity of the projective system X. Note
that, in the case of Banach spaces, the condition SC corresponds to the classical
topological Mittag-Leffler condition. We conclude by proving that
RHom , (£, F) ~ Rlimlim RHom , (E,, F;)

— =
€Q peP

Q
3

where P and @ are the (not necessarily countable) systems of semi-norms of £ and
F.

Section 2 is devoted to a cohomological study of the notion of separation. First,
we consider the full subcategory 7c of 7c formed by separated spaces. We prove
that 7 ¢ is quasi-abelian and that the left derived functor of the separation functor

éep Te— %C

is an equivalence of categories. We end by establishing a few properties of the
separation and zero closure functors

Sep:7Tc— Tc and Zcl:Te— Tc

which will be useful in the next section.

We start Section 3 by considering the category Tecof complete spaces. Since the
quotient of a complete space by a closed subspace is not necessarily complete, this
category is not quasi-abelian. Hence, we cannot define a derived category of complete
locally convex topological vector spaces in a straightforward manner. We show that
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a way to turn this difficulty is to replace this non-existent derived category by the
full subcategory D}.(7¢) of DT (7 ¢) formed by cohomologically complete complexes,
i.e. the objects E" of D¥(7¢) such that RCpl(E") ~ E°, where Cpl : T¢ — Tc is
the completion functor. Then, we prove an equivalence between the right derived
functors of the completion and separation functors. We also give necessary and
sufficient conditions, in terms of the derived functor of Zcl, for an object of Tc
to be separated, complete or cohomologically complete. Next, we introduce the
functor S : T¢ — Pro(Ban) and L : Pro(Ban) — 7Tc¢ and we relate them by an
adjunction formula. After having established that the functor S is exact, we show
that the functor RCpl : D (7¢) — D*(7¢) is canonically isomorphic to RLo S and
we prove that the functors RL : D' (Pro(Ban)) — DX (7c) and S : D} (7T¢c) —
DT (Pro(Ban)) are quasi-inverse equivalences of categories. As a corollary, we get
a formula reducing the computation of RHom in 7¢ to that for RHom in Ban by
means of derived projective limits. In the last part of this section, after a short
study of the quasi-abelian category Fr of Fréchet spaces, we get as a corollary of
what has been obtained above that the functor RL : D (Proy(Ban)) — Dt (Fr) is
an equivalence of categories.

Section 4 is devoted to the study of duality functors. First, we recall some of the
properties of the standard duality functor for Banach spaces D : Ban — (Ban)°P.
Next, we introduce the inductive dual functor D; : 7¢ — 7 ¢°?. We prove that D; is
left exact and we study its right derived functor. For any object X of T¢*™, where
7 is a small filtering category, we obtain the formula

and we show that it is possible to compute RD; by means of the exact functor

Pro(D) : Pro(Ban) — (Znd(Ban))°P.

~

As a corollary, we get that RD;(X) ~ RD;(RCpl(X)) ~ RD;(X). Finally, we show
that RD; is canonically isomorphic to the right derived functor of the strong dual
functor.

To conclude this introduction, it is a pleasure to thank J.-P. Schneiders for the
helpful discussions we had during the preparation of this paper.
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1 Homological algebra for locally convex spaces

1.1 The category 7 ¢ and its derived category

Recall that a topological C-vector space E is a C-vector space endowed with a
topology having the property that both the scalar multiplication

:Cx FE—F

and the addition
+:EFxFE—F

are continuous. A topological C-vector space is locally convex if 0 has a basis of
absolutely convex neighborhoods. It is well known that the topology of a locally
convex vector space is always given by a system of semi-norms (i.e. a set P of semi-
norms on F such that for any p, p’ in P there is p” such that p” > sup{p,p’}). This
system of semi-norms may be chosen to be the set of gauge semi-norms associated to
a basis of absolutely convex neighborhoods of 0. Conversely, if P is a system of semi-
norms on £, then the set {b,(r) : p € P,r > 0} where b,(r) = {e € E : p(e) < r}
forms a basis of absolutely convex neighborhoods of 0 on E.

Definition 1.1.1. We denote by 7 ¢ the category whose objects are the locally
convex topological vector spaces and whose morphisms are the continuous linear
maps between locally convex topological vector spaces.

Definition 1.1.2. (i) Let E be an object of 7¢ and let H be a subspace of E. The
locally convex topology on H associated to the system of semi-norms {p;y : p € P}
where P is a system of semi-norms of E is called the induced topology. If V is a basis
of absolutely convex neighborhoods of 0 on E, then the set {V N H : V € V} forms
a basis of absolutely convex neighborhoods of 0 on H.

(ii) Let E be an object of 7¢ and let H be a subspace of E. For any semi-norm
p of E, we denote by p the semi-norm of F/H defined by

ple) = _inf ple)
eeq~1(z)
where ¢ : E — E/H is the canonical epimorphism. The locally convex topology on
E/H associated to the system of semi-norms {p : p € P} where P is a system of
semi-norms of F is called the quotient topology. 1f V is a basis of absolutely convex
neighborhoods of 0 on E, then the set {¢(V) : V' € V} defines a basis of absolutely
convex neighborhoods of 0 on E/H.
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Proposition 1.1.3. Any family {E,}aca of objects of Tc has a product. This
product is obtained by endowing the C-vector space

I Ba = {(ca)aca s €a € Ea}

acA

with the locally convex topology associated to the family of semi-norms

{Sup(ploﬂ-am'“ 7pNO7TaN>:a17"' y ON EAapl Epoqa'“ y PN EPozN}

where T, : Hae 1 Eo — E, is the canonical projection and P, is a system of semi-
norms of E,. A basis of absolutely convex neighborhoods of 0 in [, 4 Eo Is given
by the subsets of the form [],. 4 Wa, where each W, is an absolutely convex neigh-
borhood of zero in E,, the set {a: W, # E,} being finite.

Proposition 1.1.4. Any family {E,}aca of objects of Tc¢ has a direct sum. This
direct sum is obtained by endowing the C-vector space

@Ea = {(€a)aca : €a € Eq,eq # 0 for finitely many o}

acA

with the locally convex topology associated to the family of semi-norms

{anpoz O Mg  Cq > Oapoz € Pa}

acA

where 7o 1 @, 4 Fa — Eq is the canonical projection and P, is a system of semi-
norms on E,. A basis of absolutely convex neighborhoods of 0 in @, , Eq is given
by the subsets of the form (|, ,0a(Wa)) where each W, is an absolutely convex

neighborhood of zero in E, and o, : E, — @ae 4 B is the canonical embedding.

Proposition 1.1.5. Let (X;);c; be a family of Tec. For any normed space X, we

have
Hom (] | Xi, X) ~ @D Hom . (X;, X).
iel el
Proof. Work e.g. as in [6, Chap. IV, § 22, 5.(2) (p. 284)]. O

Remark 1.1.6. Note that the preceding result does not hold if the norm of X is
replaced by a semi-norm.

Proposition 1.1.7. The category 7 c is an additive category with kernels and cok-
ernels. More precisely, if f : E — F' is a morphism of T ¢, then:

(i) the subspace f~'(0) of E endowed with the induced topology together with
the canonical monomorphism f~'(0) — E form a kernel of f;
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(ii) the quotient space F'/ f(E) endowed with the quotient topology together with
the canonical epimorphism q : F' — F/f(E) form a cokernel of f;

(iii) the image of f is the subspace f(FE) of F' endowed with the induced topology;

(iv) the coimage of f is the quotient space E/f~'(0) endowed with the quotient
topology.

Corollary 1.1.8. Let f : E — F be a morphism of Tc. The following conditions
are equivalent :

(i) f is strict,

(ii) f is relatively open (i.e. for any neighborhood of zero V in E, there is a
neighborhood of zero V' in F such that f(V) D> f(E)NV’),

(iii) for any semi-norm p of E, there is a semi-norm q of F' and C' > 0 such that

inf p(x+e) < Cq(f(x)) Vo e E.

e€ker f

Hereafter, we will use freely the properties of the category ZAb of topological
abelian groups established in [10].

Lemma 1.1.9. Denote by ¢ : Tc — TAb the canonical functor.

(i) The functor v is kernel and cokernel preserving.

(ii) A morphism f : E — F of Tc is an isomorphism in 7T ¢ if and only if ¢ (f)
is an isomorphism in TAb.

(iii) A morphism f : E — F is strict in T c if and only if ¢ (f) is strict in TAb.

(iv) A sequence E — F — G of Tec is strictly exact in Tc if and only if it’s
image by 1) is strictly exact in TAb.

Proposition 1.1.10. The category 7 ¢ is quasi-abelian.

Proof. We know that 7 ¢ is additive and has kernels and cokernels.
(i) Consider a cartesian square

E—1oF
T G
where f is a strict epimorphism. Since this square is cartesian in ZAb, f is a strict

epimorphism in ZAb and the category ZAb is quasi-abelian, it follows that f’ is a
strict epimorphism in ZAb. Therefore, f’ is a strict epimorphism of 7 c.

—
f/
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(ii) Using the same kind of arguments, in the cocartesian square,

where f is a strict monomorphism, [’ is also a strict monomorphism. O

Proposition 1.1.11. (i) Any vector space E endowed with the weakest locally
convex topology is an injective object of 7T c.

(ii) Let M be an arbitrary non-empty set. The Banach space I*°(M) of all
bounded maps of M into C, with the norm

£ lli0e (ary = sup | f(m)] = m € M}

is an injective object of T c.
(iii) For any object X of Tc with P as system of semi-norms, there is a strict
monomorphism

X =07 <[],

peP

where

0F = e e X :p(x) = 0}

peP

is endowed with the weakest topology and b,(1)° denotes the polar of by(1) in X'.
Hence, the category 7 ¢ has enough injective objects.
(iv) The category T ¢ has not enough projective objects.

Proof. For (i), (ii), (iii), see [7]. For (iv), see [4]. O

Proposition 1.1.12. A sequence E — F' — (G is costrictly exact in T ¢ if and only
if

(a) it is algebraically exact;
(b) the sequence
Hom, (G,1*(1)) — Hom  (F,1*(I)) — Hom (E,1>(]))

is exact for any set I.
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Proof. Applying [11, Proposition 1.3.23] and using Proposition 1.1.11, we know that
the sequence E — F' — (' is costrictly exact in 7 ¢ if and only if the sequence

Hom , (G, J) — Hom (F,J) — Hom , (E, J)
is exact for any injective object J of 7 ¢ of the form

Vx [ e

keK

where V' is endowed with the weakest topology. Since

Hom , (X, H Y;) ~ H Hom , (X, Y])

i€l iel
we see that ' — F' — G is costrictly exact if and only if the sequences
Hom, (G,1*(1)) — Hom  (F,1*(I)) — Hom (E,1>(]))

and
Hom , (G,V) — Hom , (F,V) — Hom , (E,V)

are exact for any set I and any vector space V. Denote V the category of C-vector
spaces. Since any object of V is injective and since

Hom (X, V) = Hom,,(X, V),

the conclusion follows easily. O

1.2 Derived limits of locally convex spaces

Proposition 1.2.1. The category 7 ¢ is complete and cocomplete. More precisely,
let F': T — Tc be a functor from a small category T to the category 7T c. Denote by
Ar(Z) the set of morphisms of Z, and, for any morphism a € Ar(Z), denote org(«)
(resp. ext(«)) the origin (resp. the extremity) of a.

(i) Consider the application

f+ I F)— T Flext(a))

i€Ob(T) a€AX(T)

defined by setting

Ta © [ = Text(a) — F (@) © Torg(a) Va € Ar(Z)
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where

ma: || Flext(e)) — Flext(a)) and m: [[ F(i)— F()

acAr(Z) i€Ob(T)

are the canonical projections. Denote

x: ker f — H F(i)

i€Ob(Z)
the canonical monomorphism. Then, ker f together with the morphisms
¢ =miox:kerf — F(i)
form a projective limit of F' in Tec. We denote it by lim F'(i).

€L
(ii) Consider the application

fo @ Flogla) = P F)

acAr(Z) i€Ob(T)
defined by setting
f 00y = Uorg(a) - Uext(a) o F(Oé) Va € AT(I)

where

0o @ Florg(a)) — @ F(org(a)) and  o;: F(i) — @ F(i)

acAr(Z) i€Ob(Z)

are the canonical embeddings. Denote

x: @ F(i) — coker f
i€Ob(Z)
the canonical morphism. Then, coker f together with the morphisms

ri=xo00;: F(i) — coker f

form an inductive limit of F' in Tc. We denote it by lim F'(7).
€T

Proposition 1.2.2. Products and direct sums are exact in 7 c. In particular, for
any small category Z, the functor

. op

lim: 7" — Te
%

€L
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is right derivable and for any object X of Tc*™”, we have

Rlim X (i) ~ R (Z, X)

€L

where R (Z,X) is the positive Roos complex associated to X in [9]. Similarly, for
any small category Z, the functor

lim: 7 — Te
-
€L

is left derivable and for any object X of Tc*, we have

Llim X (i) = R.(Z, X)

€L

where R.(Z, X) is the negative Roos complex associated to X in [9)].

Proof. The exactness of products and direct sums follows at once from Proposi-
tions 1.1.3 and 1.1.4. The existence and structure of derived limits is then a conse-
quence of [9, Propositions 3.3.3 and 3.3.4]. ]

Lemma 1.2.3. Let Z be a small category. For any Banach space B and any object
X of Tc*™, we have the isomorphism

Hom (R (Z, X), B) ~ R.(Z°°, Hom (X, B)).
Proof. For any Banach space B and any k > 0, we have

(Hom (R (Z, X), B))™* ~ [ [ Hom ; (R"(Z, X), B""*) ~ Hom ; (R*(Z, X), B).

pEZ

So,

(Hom (R (Z,X),B)) * ~Hom,( []  X(i),B)

. Q1 L
ig— - —iy,

~ @ Hom (X, B)(io)

ig—> - —iy,

~ Ry(Z°,Hom (X, B)) ~ (R.(Z°°, Hom (X, B)))*

where the second isomorphism follows from Proposition 1.1.5. The conclusion fol-
lows. U
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Proposition 1.2.4. Let 7 be a small filtering category. Consider a Banach space
B and an object X of Tc*™ such that Rlim X (i) € D*(Tc¢). Then, we have the

€T
isomorphism

Proof. We know that R lim X (i) ~ R'(Z, X). By “dévissage”, it is sufficient to prove
i€l
the result when B is an injective Banach space. In this case, we have successively

RHom (R lim X (i), B) ~ Hom (R (Z, X), B)
- ~ R.(I°°,Hom (X, B)) (*)
~ Llim Hom (X, B) (i)
~ gn Hom (X, B)() (%)
~ g(RHom (X, B))(i)

€L

where the isomorphism (*) follows from Lemma 1.2.3. The isomorphism (**) follows

from the fact that the functor lim : Ab* — Ab is exact. O
1€l

Proposition 1.2.5. Assume 7 is a small filtering category such that cf(Z) < wy, for

some k < wy. Then, for any functor X : I°° — T ¢ we gave

LH"(RImE(i) =0 Vn>k+1
€L

Similarly, for any functor
X:7T—"Tc

we have
RH”(LIi_r)nX(z’)):O Vn >k + 1.

€L
Proof. This follows from [9, Theorem 5.2.4]. O
Definition 1.2.6. Let I be a filtering ordered set. We say that a projective sys-

tem X of Tc!™ satisfies condition SC if for any ¢ € I and any absolutely convex
neighborhood U of zero in X;, there is j > ¢ such that

el
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Proposition 1.2.7. Let I be a filtering ordered set and let X be an object of Tc!™".
Then :

(a) we have

LH'(Rlim X;) € T
(R<¢e_1 ) E€Tc

if and only if X satisfies condition SC.

In particular, the differential df, (1,X) of the Roos complex of X is strict if and
only if X satisfies condition SC.

(b) we have

LH*RlmX;) € Te  Vk>2.

el

In particular, the differential d’;.( 1) of the Roos complex of X is strict for k > 1.

Proof. This follows directly from [10, Theorems 3.4 and 3.5] and from Lemma 1.1.9
O

Corollary 1.2.8. Let ® : 7¢ — V be the functor which associates to any object
X of Tc, the vector space X. Let I be a filtering ordered set. If X is an object of
T c™™ | then the following conditions are equivalent:

— —
iel el

(i) lim ®(X;) ~ Rlim ®(X;) and X satisfies condition SC.
iel el

Proof. This follows from [10, Corollary 3.6]. O

Proposition 1.2.9. Let I be a filtering ordered set with a countable cofinal subset.
Let X be an object of Tc!'™ such that for any i € I, X; is a Fréchet space. Then,

X is lim-acyclic if and only if for any i € I and any neighborhood of zero U in X,
i€l
there is 7 > ¢ such that

755(X;) C U + 236 (Xi) VEk > j.
Proof. This follows from [10, Theorem 4.6]. ]

Corollary 1.2.10. Let I be a filtering ordered set with a countable cofinal subset.
Let E be an object of Tc!'™ such that for any i € I, E; is a Banach space. Then, E

is lim-acyclic if and only if for any i € I, there is j > 1 such that
iel

¢ij(B;) = ein(Br)  Vk >3
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Definition 1.2.11. Let E be an object of 7¢ with P as system of semi-norms. For
any p € P, we denote L, the semi-normed space obtained by endowing E with the
semi-norm p.

Proposition 1.2.12. Let E be an object of Tc¢ with P as system of semi-norms.
We have the isomorphism
E~RlimFE

— p
peP
in DT (7Tc).
Proof. Recall that
E ~ @Ep. (*)
peP

Moreover, if we forget the topologies, we have £ = E, and in D" (V), we have
successively
Rlim ®(F,) ~ Rlim £ ~ F ~ lim ®(E),),
peP peP peP
where the second isomorphism follows from [9, Corollary 7.3.7 and Proposition 7.3.9].
Through the isomorphism (*), the canonical morphism g, : lim F, — E, becomes

peP
the identity map ' — FE,. Hence, it is clear that condition SC is satisfied and by
Corollary 1.2.8, we get lim £}, ~ Rlim E,. O
peP peEP

Lemma 1.2.13. Let E be an object of Tc with P as system of semi-norms. For
any semi-normed space X, we have the isomorphism

Hom ;. (E, X) =~ lim Hom  (E,, X).

peP

Proof. We know that for any f € lim Hom , (F,, X) there is a semi-norm p of P
peP
and f, € Hom, (E,, X) such that f = 7,(f,). Then, we define the application

u : lim Hom - (Ep, X) — Hom , (E, X)

peP

by setting u(f) = f, o e, where e, : E — E,, is the identity map. One checks easily
that this definition is meaningful and that u is bijective. O

Proposition 1.2.14. Let E, F' be objects of T ¢ with P and @) as systems of semi-
norms. We have the canonical isomorphism

RHom ;. (E, F') ~ R lim lim RHom ; (E,, Fy).

qeQ peP
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Proof. Using Proposition 1.2.12 and [9, Proposition 3.6.3], we get successively

RHom ;- (F, F') ~ RHom - (F, Rlim F;) ~ Rlim RHom . (E, F).
q€Q (S

Let I, be a resolution of Fy by injective semi-normed spaces. We have
RHom , (E, Fy) ~ Hom , (E, I,).
Moreover, for any k € Z, we have

Hom , (E, I}) ~ lim Hom ; (E,, I}).

P ~q

Therefore,

RHom ;- (F, Fy) ~ Hom ;. (E, I,) ~ lim Hom ;. (E,, I;) ~ lim RHom ;. (E,, F,).

The conclusion follows. U

Proposition 1.2.15. Let Z be a small filtering category and let ' be an object of

Tc'. Then, E is lim-acyclic if and only if for any set .J
i€l

Hom (E,1°°(J)) : Z°° — Ab

is lim-acyclic.
%
i€l

Proof. By [9, Proposition 3.6.3], for any set J, we have

RHom (Llim (i), () ~ Rlim(RHom (E, 1% (.]))) (7).

€L €T

Since [*°(.J) is an injective object of 7 ¢, we obtain

Hom (Llim B(7), 1 (.)) ~ R lim(Hom (E, 1 (.)))) (7).

€L €T

First, assume that £ is lim-acyclic. For any set J, we get
i€l

Relim(Hom (. 1()))(9) = Hom (lwy E), () = im Hom (B, 1(1)) ()

Hence, Hom (£, 1°°(.J)) is lim-acyclic.
1€
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Conversely, assume that for any set J, Hom (E,[>(J)) is lim-acyclic. Then, if

€L
k #£0,
H*(Rlim Hom (E,1°(.J))(i)) = 0.
i€l
Moreover,

R1im Hom (E, 1™())(i) ~ R (Z, Hom (E,1%(J))) =~ Hom (R (Z°%, E),1*(J))

€L

where the last isomorphism follows from [9, Lemma 3.6.2]. Therefore, if k # 0,
H*(Hom (R.(Z°", E),1*(J))) = 0,

i.e. the complex

Hom (d1,1°° (J)) Hom (dz,1°°(J))
0 — Hom (Ro(Z%, E), 1°(.J)) ——— ", Hom (Ry1(Z°®, E),®°(.J)) -

is exact in degree k # 0.
If, for any ¢ € Z, we forget the topology of E(i), then E € Ob(Ab?). In this
case, since the functor
lim : Ab" — Ab
i€l
is exact,
lim £(i) ~ Llim E(i) ~ R.(Z", E).
i€l i€l
So, the complex R.(Z°P| F) is algebraically exact in degree & > 1. Hence, Proposi-
tion 1.1.12 shows that, for £ > 1, the differential

dy, : Ri(I%, E) — Ry_1(I°", E)

is strict. It follows that E' is lim-acyclic. O
€T

2 Separation functors

2.1 The category 7c

Remark 2.1.1. Let E be an object of 7¢ with P as system of semi-norms. Recall
that F is separated if

N v={n

V neighborhood
of zero
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or equivalently if the vanishing of p(e) for any p € P implies e = 0. Recall also that
a generalized sequence (Z4)aca Of E is a family (24)aca of E indexed by a filtering
ordered set A. Such a sequence converges to a limit x in E if for any € > 0 and any
p € P, there is ay € A such that

p(re —x)<e  for a> .

Clearly, a converging sequence (Z,)aca has a unique limit if £ is separated, .

Definition 2.1.2. We denote by %C the full subcategory of 7 ¢ formed by separated
spaces.

We have the following well-known facts :

Proposition 2.1.3. (i) Let (E;)icr be a family of Te. Then, the locally convex
spaces @,.; E; and [[,.; E; are separated. In particular, they form the direct sum
and direct product of the family (E;);er in Tec.

(ii) Let E be an object of Tc¢ and let F' be a vector subspace of E. Then, E/F
is separated if and only if F' is closed.

Proposition 2.1.4. Let f : E — F be a morphism of %C.
(i) The kernel of f is the subspace f~1(0) of E endowed with the induced topology.

(ii) The cokernel of f is the quotient space F/f(E) endowed with the quotient
topology.

(iii) The image of f is the subspace f(F) of F' endowed with the induced topology.

(iv) The coimage of f is the quotient space E/f~'(0) endowed with the quotient
topology.

Corollary 2.1.5. Let f : E — F be a morphism of %C. Then:
(i) f is strict in Te if and only if f is strict in 7 ¢ and has a closed range.
(ii) f is a strict epimorphism of %C if and only if f is a strict epimorphism of 7T ¢;

(iii) f is a strict monomorphism of 7T ¢ if and only if f is a strict monomorphism
of Tc and has a closed range.

Lemma 2.1.6. A sequence
0—F J, FLG—0

of Tc is strictly exact if and only if it is strictly exact in 7 c.
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Proof. (a) Assume that the sequence is strictly exact in 7c¢. We know that (E, f)
is a kernel of g in 7c. Moreover, we have G ~ coker f ~ F'/f(E). Since f is strict
in Te¢, f(F) is closed and G ~ F/f(FE). It follows that (G, g) is a cokernel of f in
Tec.

(b) Conversely, assume that the sequence is strictly exact in 7¢c. On one hand,
(E, f) is a kernel of g in 7¢. On the other hand, in 7¢, we have

f(E) ~im(f) ~ker(g) ~ g~ (0).

Since G is separated, g~*(0) is closed. Hence, f(E) is closed. Therefore, (G, g) is a
cokernel of f in 7Te. O

Lemma 2.1.7. Let f : E — F and g : I' — G be two morphisms of Tc. If go f is
a strict monomorphism of T ¢, then f is a strict monomorphism of T c.

Proof. By Corollary 2.1.5, g o f is a strict monomorphism of 7¢. Then, we know
that f is a strict monomorphism of 7¢. So, we only have to prove that f has a

closed range. Consider y € f(F). There is a generalized sequence (x4)qeca of E such
that

(f(Ta))aca — y
in F'. It follows that
((g o f)(wa))aca — g(y)

in G and that g(y) € (go f)(F). Since go f is strict in %c, go [ has a closed range.
Hence, there is € E such that g(y) = (g o f)(z). Therefore,

(g0 f)(Ta))aca — (go f)(x) in G.

Since go f is a strict monomorphism, go f : E — go f(F) is an isomorphism. Then,
(a)aca — x in E. Since f is continuous, (f(x4))aca — f(z) in F and since F is
separated, y = f(z). Thus, we have obtained f(E) C f(£). The other inclusion
being obvious, the conclusion follows. O

Proposition 2.1.8. The category 7 c is quasi-abelian.

Proof. We know that 7 ¢ is additive and that any morphism of 7 ¢ has a kernel and
a cokernel.
Consider the cartesian square
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of Tc where f is a strict epimorphism. By Corollary 2.1.5, f is a strict epimorphism
of Tec. It follows that u is a strict epimorphism of 7 ¢ and hence of 7 c.
Finally, consider the cocartesian square

G——T (*)
]

of 7¢ where f is a strict monomorphism. Since

(0 -1)e (_gf) =1

Lemma 2.1.7 shows that (_gf)  EF— G F is a strict monomorphism of %c. The

square (*) being cocartesian, the sequence
)

%) (w o)

0 E GoF T 0 (**)

is strictly exact in 7 ¢ and hence in 7 ¢ (see Lemma 2.1.6). It follows that the square
(*) is cocartesian in 7 ¢ and that w is a strict monomorphism of 7¢. To conclude,
let us prove that w has a closed range. The morphisms g and v induce a strict
quasi-isomorphism between the complexes

O—>Ei>F—>O and 0—-GST—0

since the mapping cone of

is the strictly exact complex (**). Taking the cohomology and using the fact that
f and u are strict monomorphisms, we get coker(f) ~ coker(u) in 7ec. Since f(E)
is closed, coker(f) = F/f(F) is separated. It follows that coker(u) = T/u(G) is
separated and u(G) is closed. O
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~

2.2 Equivalence between D(7¢) and D(7¢)

Definition 2.2.1. We denote by
T: %c —Tc
the inclusion functor and we define the functor
éep Tc— %c

by setting
~ —F
Sep(E) = E/{0}

and endowing it with the quotient topology.

Proposition 2.2.2. For any object E of T ¢ and any object F' of %c, we have the
isomorphism ~ ~
Homz (Sep(E), F) ~ Hom . (E, [(F)).

Proof. This well-known isomorphism follows from the fact that if f : F — F' is
continuous and F' separated, then f~'(0) is a closed subset of E containing 0 and

hence mE O

Lemma 2.2.3. Denote by C~ the space C endowed with the weakest topology.
Then, there is a strictly exact sequence in T ¢ of the form

0—5—5—C —0
where Sy and S, are separated.

Proof. Consider the subspace Sy of ® formed by sequences (x,)nen such that nx,
is constant for n >> 0 and the subspace S; of Sy formed by sequences (x,)nen null
for n >> 0. Since ¢ is a normed space, so are Sy and S;.

(a) Let us show that S; is dense in ®. Consider x = (2,)neny € ® and € > 0.
There is ng € N such that |z,| < € for n > ng. Define y = (yn)nen € S1 by setting

z, ifn<ng
Yn =
0 ifn>n0

Since ||y — || .0 = SUP,op, |Zn| < €, St is dense in .

(b) It follows from (a) that S is dense in Sy. Hence, the quotient topology on
So/S7 is the weakest one. Let us show that Sy/S; ~ C as C-vector spaces. Remark
that the sequence (1/n),en belongs to Sp \ S1. Consider a sequence z = (Z)nen
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of Sgp. There is ng € N and ¢ € C such that nz,, = ¢ for n > ng. It follows that
xn, = c¢/n for n > ng. If y is the sequence of S; defined by

T, —c/n ifn <ng
Yn =
0 if n > ng

then, = ¢(1/n)nen + y. Therefore, the class of (1/n)pen in Sp/S; forms a basis of
this vector space.
(c) By (b), Sp/S1 is isomorphic to C~. The sequence

0—>Sl—>50—>50/51—>0
being clearly strictly exact, the conclusion follows. O

Proposition 2.2.4. For any object E of Tc, there is a strictly exact sequence in
T c of the form
0—S5—5S—F—0

where Sy and S, are separated.

Proof. We know that £ ~ E/N @ N where N is the closure of zero in E. Since in
this formula N is endowed with the weakest topology, we have N ~ @, _, C~ where
B denotes a basis of N as a C-vector space. By Lemma 2.2.3, there is a strictly
exact sequence in 7 ¢

0—-5 —5—-C —0

where S{ and S] are separated. Since the sequence
00— E/N%E/N—=0

is strictly exact and since direct sums are exact in 7 ¢, the conclusion follows easily.
O

Lemma 2.2.5. The category 7T ¢ is Sep-projective.
Proof. This follows directly from Proposition 2.2.4 and Lemma 2.1.6. O

Proposition 2.2.6. (1) The functor 1 : Tc — Tc is kernel preserving and exact.
(2) The functor Sep : T ¢ — T ¢ is cokernel preserving but not exact and it gives
rise to a left derived functor

Léep :D(Tc) — D(%c).
(3) The functor Lgep : D(Tc¢) — D(%c) is a quasi-inverse of T : D(%c) —
D(Tc¢). In particular,

~

D(Tc) =~ D(Tc).
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Proof. (1) Since the kernel of a morphism of Tec is the kernel of this morphism in
T c, the functor I is kernel preserving. Moreover, by Lemma 2.1.6, I is exact.

(2) By the adjunction formula of Proposition 2.2.2, Sep is cokernel preserving.
It is not exact. As a matter of fact, let E' be a non closed subspace of the separated
space F'. The inclusion morphism i : £ — F' is a strict monomorphism of 7¢c. But
i = Sep(i) : E — F is not a strict monomorphism of 7¢ since i has not a closed
range. By Lemma 2.2.5, Sep is left derivable.

(3) On one hand, for any object S of D(7 ¢), we have

~ ~

LSep o 1(S) = LSep(1(S)) = Sep(1(S)) = S

where the second equality follows from the fact that the components of the complex
[(S) are separated. On the other hand, any object E of D(7 ¢) is quasi-isomorphic
to a complex S with separated components. Therefore, we have

~

Lgep(E) = Sep(S) and To Léep(E) ~To gep(S) ~ S ~F.

2.3 The functors Zcl and Sep

Definition 2.3.1. We define the functors

Zcl:Te—Tc and Sep:7c—Tc

by setting
ZA(E) =10} and  Sep(E) = E/Zcl(E)

where WE is endowed with the weakest topology. Of course, we have
Sep = f o gep.
Proposition 2.3.2. The functor Sep : 7¢ — 7 ¢ has a left derived functor
LSep: D™ (T¢) — D™ (Tc)
which is equivalent to the identity functor.

Proof. Since f is exact, one has LSep = f o Lgep and the conclusion follows from
Proposition 2.2.6. H

Proposition 2.3.3. For any object E of T ¢, we have a distinguished triangle

RZcl(E) — E — RSep(E) -5 .
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Proof. This follows directly from the fact that 7 ¢ has enough injective objects and
that for any object E of 7 ¢, the sequence

0 — Zcl(F) — E — Sep(E) — 0
is strictly exact. ]

Proposition 2.3.4. Denote

(~)_ YV —Te
the functor which associates to any vector space V' the object of T ¢ obtained by
endowing V' with the weakest topology. Then, for any object E of T ¢, we have

Zcl(F) ~ (Hom (C™, E))".

In particular, Zcl : Tc¢ — 7T ¢ is a kernel preserving functor and, for any object E of
T ¢, we have the isomorphism

RZcl(E) ~ (RHom (C™, E))".
Proof. Let E be an object of 7Tc. The first part follows from the fact if f : C~ — E
is a morphism of 7 ¢, then f‘l(mE) D>{0}  =C and
Hom , (C™, E) ~ Hom,(C, Zcl(E)) ~ Zcl(E).

As for the second part, it follows from the fact that the functor Hom, (C~, ") :
Tc¢ — V is kernel preserving and that the functor (-)~ : V — T ¢ is exact. O

Proposition 2.3.5. For any family (FE;);c; of Tc, we have
Z(J[ E:) ~ [ 2el(E:)  and  Sep(] ] Ei) ~ [ ] Sep(E:).
iel iel iel iel
Proof. By definition of the functor Zcl, we clearly have
ZA([[ E) ~ [ ] zel(E)
iel iel

of T¢. Then, using the strictly exact sequences

0 — Zcl(E;) — E; — Sep(FE;) — 0
we deduce easily from the first part that

Sep(H E;) ~ H Sep(E;).

i€l el
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3 Completion functors

3.1 The category Tec

Definition 3.1.1. Let E be an object of 7¢ with P as system of semi-norms. A
generalized sequence (x4)aca of E is a Cauchy sequence if for any € > 0 and any
p € P, there is ay € A such that

p(reg —x0) <e  fora,d > ap.

An object E of Tcis complete if it is separated and if any Cauchy sequence of
E converges in F.
We denote by 7 ¢ the full subcategory of 7 ¢ formed by complete spaces.

Remark 3.1.2. Recall that to any object E of 7 ¢ is associated a complete object E
and a canonical morphism ip : £ — E characterized by the fact that any morphism
f: E — F with F' complete may be uniquely factored through ig. Moreover, i is
a strict morphism whose image is dense in E and whose kernel is the closure of zero
in F.

As is well-known [3, TG II, § 3, n° 7], the completion of an object of 7 ¢ may
also be characterized as follows :

Proposition 3.1.3. Let 7 : E — F be a morphism of Tc. If F' is complete,

J7H0) = mE, j is strict and j(F) is dense in F', then for any morphism g : E — G

with G' complete, there is a unique morphism f : F — G making the diagram

J

E——F
b
G
commutative.
Definition 3.1.4. We denote by
1:Tc— Tc

the inclusion functor and we define the functor
(A?pl Te—Tec

by setting (A?pl(E) = [ where F is the complete separated space associated to F.

It follows from the definition of the completion of an object of 7 ¢ that:
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Proposition 3.1.5. For any object E of T ¢ and any object F' of ’]A'c, we have the
isomorphism
Hom z (Cpl(E), F) ~ Hom , (E,I(F)).

For any object F of Tc, the canonical morphism Cpl oA(F) — F' is an isomorphism
and for any object E of Te, the canonical morphism iy : E — 1o apl(E) is strict
in Tc. Moreover, its image is dense and its kernel is the closure of zero in E. In
particular, if E is separated, ig is a strict monomorphism.

Proposition 3.1.6. (a) Any closed subspace of an object of Tecis complete.

(b) If E is an object of Tc and if F is a closed subspace of E, then the quotient
space E/F is not necessarily complete. (However, E/F' is a Fréchet space if E is a
Fréchet space).

(c) If (E;)ier is a family of Tec, then the locally convex spaces @D, Ei and
[1,c; Ei are complete. In particular, they form the direct sum and direct product of
the family (E;)ie; in Tec.

Proof. (a) is clear.

(b) See for example [5, Problem 20D].

(c) See for example [6, Chap. I, § 5, 7.(2) (p. 37) and Chap. IV, § 18, 5.(3) (p.
212)). O

Proposition 3.1.7. If (E;);cs is a family of f’c, we have

(P E)~PliE), U[[E)~]]1E)

iel iel iel iel
and if (E;);er is a family of T ¢, we have
Cpl(@ E;) ~ @ Cpl(£), Cpl(H E;) ~ H Cpl(E).

iel iel iel iel
Proof. This follows from Proposition 3.1.6 thanks to Proposition 3.1.3. O
Proposition 3.1.8. Let f : E — F be a morphism of Te.

(i) The kernel of f is the subspace f~1(0) of E endowed with the induced topology.

—

(ii) The cokernel of f is the space F/f(E) where F/f(E) is endowed with the
quotient topology.

(iii) The image of f is the subspace f(F) of F' endowed with the induced topology.

L —

(iv) The coimage of f is the space E/f~1(0) where E/f~'(0) is endowed with the
quotient topology.
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Proposition 3.1.9. Let f : E — F be a morphism of Te. Then, f is strict in Te
if and only if f is strict in Tc.

Proof. First, assume that f is strict in Te. Hence, the canonical morphism

—

p: E/f71(0) — f(E)
is an isomorphism. Consider the commutative diagram of 7 ¢

T 17 ¢
E/f7H(0) —— f(E)
ZI L‘

B/f7(0) — J(B)
where ¢ and 1) are the canonical morphisms and j the inclusion morphism. Since F is
separated and f~1(0) is closed, E/f71(0) is separated. Then, by Proposition 3.1.5, i
is a strict monomorphism of 7 ¢. Therefore, jo1) = po1 is a strict monomorphism of
T c. It follows that ¢ is a strict monomorphism. Since v is clearly an epimorphism,

1 is an isomorphism of 7 ¢. Hence, f is strict in 7c.
Conversely, assume that f is strict in 7¢, i.e. ¢ is an isomorphism. Since f(FE)
and f(FE) are endowed with the topology induced by that of F', j is a strict monomor-
phism. It follows that j o is a strict monomorphism. Moreover, the image of j o)

is dense and since f(F) is a closed subspace of the complete space F, f(FE) is also
complete. Then, by Proposition 3.1.3, there is a unique morphism

making the diagram

commutative. One checks easily that ¢ and ¢’ are inverse one of each other. The
conclusion follows. O

Proposition 3.1.10. Let f : E — F be a morphism of Te. Then,

(i) f is a monomorphism (resp. strict monomorphism) of Tec if and only if f is a
monomorphism (resp. strict monomorphism) of T ¢;

(ii) f is an epimorphism (resp. strict epimorphism) of Tec if and only if f(E) is
dense in F' (resp. f(E) is dense in F' and f is strict in Tc).
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Proof. This follows directly from Proposition 3.1.8 and Proposition 3.1.9. O

Remark 3.1.11. (i) If f : E — F is a strict monomorphism of 7¢, then f(E) is
closed. As a matter of fact, if f is a strict monomorphism, the canonical morphism
f: E — f(E) is an isomorphism. In particular, f(E) = f(E).

(ii) If f : E — F is a strict epimorphism of ’j\'c, then f is mot necessarily an

epimorphism of 7¢. As a matter of fact, let £ be an object of Tcand N a closed
subspace of E such that E/N is not complete. Set F' = l?/]\\f Ifg: E— E/N and
i:E/N — E/J\V are the canonical morphisms, set f =ioq: F — F. Since f(F)
is dense in F', by Proposition 3.1.10, f is an epimorphism of Te. Hence,

im(f)=F inTc. (%)

The subspace N being closed, E/N is separated and by Proposition 3.1.5, i is
injective. It follows that

and that

coim( f) ~ E/]\V ~F in7ec. (**)
By (*) and (**), f is strict in T c. But, since E/N is not complete, f(E) # F. So,
f is not an epimorphism of 7 c.

Proposﬂzlon 3.1.12. Ifu: E — F is a strict monomorp}nsm of Tec, then, u : E —
F is a strict monomorphism of T ¢ and, hence, of Te.

Proof. See e.g. [3, TG II, p. 26, cor. 1] O

Proposition 3.1.13. The functor 1 : Te — Te is kernel preserving, but not ex-
act. The functor Cpl : Tc¢ — 7Tc is cokernel preserving and exact, but not kernel
preserving.

Proof. The fact that 1 (resp. apl) is kernel (resp. cokernel) preserving follows from
the adjunction formula between T and apl.

Let us show that T is not exact. If F is an ob ject of Tcand F a closed subspace
of F such that F/F is not complete, the sequence

O—>F—>E—>£/7/77—>0

is strictly exact in 7 ¢ but not in Tc (see Remark 3.1.11).
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Now, let us prove that apl is exact. Consider a strictly exact sequence
0—-EFES5FLG—0

of Tec. Since u : E — F' is a strict monomorphism of 7 ¢, by Proposition 3.1.12,
4:FE — Fis a strict monomorphism. It follows that u is the kernel of its cokernel.
Moreover, since @pl is cokernel preserving, ¥ is the cokernel of u. Therefore, the
sequence
0—ELFLG—=0

is strictly exact in Te.

Finally, let us show that apl is not kernel preserving. Consider a vector space
V' # 0 and denote by VT (resp. V™) the object V' of 7 ¢ endowed with the strongest
(resp. weakest) locally convex topology. Then, the identity map ¢ : Vt — V-~
is continuous and we have ker(¢) = 0. Since V- = 0, we have ker(p) = v+
Moreover, since V1 is separated, by Proposition 3.1.5, iy+ : VT — V+is injective
and iy+ (V1) # 0. Tt follows that

ker(@) = V* Diye (V) £0,
and apl is not kernel preserving. 0
Proposition 3.1.14. The category Tec is not quasi-abelian.

Proof. Let F' be a closed subspace of an object E of T ¢ such that E /F is not
complete. Set G = E/T’ lfg: E— E/Fandi: E/F — E/TT are the canonical
morphisms, set f =ioq: F — G. By Remark 3.1.11, f is a strict epimorphism of
Tcand f(E) # G. Fixz € G\ f(E). Consider the continuous linear application
m : C — G defined by m(c) = czx for ¢ € C. Let us show that the commutative
square

r—L.qg (*)
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Hence, f(e) = cx. If ¢ # 0, then z = f(e/c). Since z € G\ f(E), we get a
contradiction. It follows that ¢ = 0 and f(e) = 0. Since by Remark 3.1.11, f~1(0) =
F we get e € F. Therefore, we have successively

(f _m)—1(0) ={(e,c):e€ Fc=0}~F

and the square (*) is cartesian. Since {0} is not dense in C, by Proposition 3.1.10,
0: F — C is not a strict epimorphism of 7 ¢. Hence, the conclusion. O

3.2 The functor Cpl and cohomological completeness
Definition 3.2.1. We define the functor
Cpl:7c—Tc
by setting R
Cpl =10 Cpl.
Proposition 3.2.2. The functor Cpl is left exact and has a right derived functor
RCpl: D*(T¢) — D (Tc).

Proof. By Proposition 3.1.13, the functor T is kernel preserving and the functor Cpl
is exact. Then, the functor Cpl = To Cpl is left exact. Since 7 ¢ has enough injective
objects, Cpl is right derivable. O

Definition 3.2.3. An object E" of D™ (7 ¢) is cohomologically complete if
RCpI(E') ~ E

in D (7 ¢). We denote by DI (7 c) the full subcategory of Dt (7 ¢) formed by coho-

mologically complete complexes.

Proposition 3.2.4. The category D.(7¢) is a triangulated subcategory of the de-
rived category DT (7T c¢).

Proof. Consider a distinguished triangle B — E — E” 4 of DT (7Tc¢) such that
E’" and E are cohomologically complete. Since the functor RCpl is triangulated, the
triangle

RCpl(E') — RCpl(E) — RCpl(E") 5
is distinguished in D*(7¢). Moreover, we have the morphism of distinguished tri-

angles
+1

FE' E E"

R S

RCpl(E") — RCpl(E£) — RCpl(E") —
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The complexes F and E’ being cohomologically complete, we have
RCpl(E) ~ E and RCpl(E') ~ E'.

It follows that RCpl(E"”) ~ E” and that E” is cohomologically complete. The
conclusion follows easily. O

Proposition 3.2.5. For any object E* of D*(7¢), the object RCpl(E") is cohomo-
logically complete. In particular, RCpl induces a functor

RCpl: D*(T¢) — DL (Tec)
which is a left quasi-inverse of the inclusion functor
DY (Te) — D™ (Tc).
Proof. We know that E" is quasi-isomorphic to a complex I such that each I* is of

the type
Vk X H ij
Ik€Jk
where V}, is a vector space endowed with the weakest topology and £, is an injective
Banach space. Since Cpl(I¥) ~ [] Fj,, Cpl(I*) is an injective object of 7 ¢ which
is complete. Therefore,

JkE€Jk

RCpl(RCpl(F)) ~ RCpl(Cpl(I")) ~ Cpl(Cpl(I')) ~ Cpl(I') ~ RCpl(E).
Hence, the conclusion. O

Proposition 3.2.6. The product of cohomologically complete spaces is a cohomo-
logically complete space.

Proof. Let (E;);es be a family of cohomologically complete spaces. For any j € J,
let I; be an injective resolution of Ej; in Tc. Since products are exact in 7¢ and
since the product of injective objects is an injective object, [] jes1; 1s an injective
resolution of [[;_; Ej. It follows that

RCpI([ [ Ej) ~ Col([ [ 1;) =~ [] i) ~ [[RCpU(E) ~ [ [ E
jeJ jed jed jed jeJ
where the second isomorphism follows from Proposition 3.1.7. O

Proposition 3.2.7. If E is a cohomologically complete object of Tc, then E is
complete.
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Proof. Since E ~ RCpl(E) and since Cpl is left exact, we have
E ~ LH(E) ~ LH"(RCpl(E)) ~ Cpl(E).
U

Remark 3.2.8. Complete objects of 7 ¢ are not always cohomologically complete.
For example consider a complete space E and a closed subspace F' of E such that
the quotient space E//F is not complete. Then, the sequence

0—F—F—FE/F—0
is strictly exact and gives rise to the distinguished triangle

Assume that E and F' are cohomologically complete. By Proposition 3.2.4, E/F is
cohomologically complete and then complete. Hence, a contradiction.

Proposition 3.2.9. For any object E of T c, we have a canonical isomorphism
RSep(F) ~ RCpl(E).

In particular,
LH°(RSep(E)) ~ Cpl(E).

Proof. Let E be an object of 7¢ and let I' be an injective resolution of F. For any
n, we may assume that
m=vrx [ B~
Jn€Jn
where V" is an object of Tc¢ with the weakest topology and B’" is an injective
Banach space for any j,, € J,. Then, we have successively

Cpl(I™) ~ Cpl(V") x H Cpl(B) ~ H Bin

Jn€Jn Jn€Jn

and
Sep(I™) ~ Sep(V") x H Sep(B") ~ H B
In€Jn Jn€Jn
It follows that
RCpl(E) ~ Cpl(I') ~ Sep(I') ~ RSep(F).
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Proposition 3.2.10. Let E be an object of T c.
(i) E is separated <= Zcl(E) ~ 0.
(ii) E is complete <= Zcl(E) ~ 0 and LH'(RZcl(E)) ~ 0.
(iii) E is cohomologically complete <= RZcl(F) ~ 0.

Proof. (i) is clear.
(ii) By Proposition 2.3.3 and Proposition 3.2.9, we have the distinguished triangle

RZcl(E) — E — RCpl(E) 5 (*)

Since the functors Zcl and Cpl are left exact, we have the long exact sequence

0 ——— Zcl(E) E—— Cpl(E) j

L LH(RZ(E)) 0

So, Cpl(E) ~ FE if and only if Zcl(F) ~ 0 and LH*(RZcl(FE)) ~ 0. The conclusion
follows.

(iii) By definition, E is cohomologically complete if and only if £ ~ RCpl(F).
Since the triangle (*) is distinguished, E' is cohomologically complete if and only if
RZcl(E) =~ 0. 0

Corollary 3.2.11. Let E be an object of Tc. Then,

(i) E is separated <= Hom (C~, E) ~ 0.

(ii) E is complete <= Hom (C~, E) ~ 0 and Ext'(C~, E) ~ 0.
(iii) E is cohomologically complete <= RHom (C~, F) ~ 0.

Proof. (i) follows from Proposition 3.2.10 and Proposition 2.3.4.
(ii) By Proposition 3.2.10, E is complete if and only if

Zcl(E)~0  and  LH'(RZc(E)) ~ 0.
We have Zcl(E) ~ (Hom (C~, E))~ and
LH"(RZc(E)) ~ [H'(RHom (C™, E))]” ~ Ext'(C™,E)~

where the first isomorphism follows from the fact that any morphism between objects
of 7¢ with the weakest topology is strict. Hence, the conclusion.
(iii) follows from Proposition 3.2.10. O
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3.3 Equivalence between D/ (7¢) and D" (Pro(Ban))

Definition 3.3.1. The category of Banach spaces is the full subcategory of 7c¢
whose objects are the Banach spaces. We denote it by Ban.

One can show that the category Ban is a quasi-abelian category with enough
injective objects. Moreover, the space I!(I) of summable sequences of C indexed by
I is projective and Ban has enough projective objects. For more details, see [§].

Hereafter, we will use freely the language of pro-objects. We refer the reader
for example to [1, 2] (or to [9] for the main results in the context of quasi-abelian
categories). In particular, we have:

Proposition 3.3.2. The category Pro(Ban) is a complete quasi-abelian category
with exact filtering projective limits.

Proposition 3.3.3. A sequence
ESLFLG
of Pro(Ban) is costrictly exact if and only if the sequence

Hom (G, 9°(I)”) — Hom (F, “1°°(I)”) — Hom (B, 9°(I)")

Pro(Ban) Pro(Ban) Pro(Ban)

is exact for any set I

Proof. Work as in Proposition 1.1.12. O

Proposition 3.3.4. For any object E of Tc, the functor
S'(E) : Ban — Ab

defined by setting
§/(E)(X) = Hom , (E, X)
is pro-represented by ‘lim” Ep, where P is the system of semi-norms of E.
peP
Proof. Let E be an object of 7¢ with P as system of semi-norms. For any Banach
space X, we get successively
S'(E)(X) ~ Hom ; (E, X) ~ lim Hom ;. (E,, X)
peP

€
~ lim HomBan(Ep, X) = Homp,, 4, (“lim” Ep, “X7)
P

—
pe peP

where the second isomorphism follows from Lemma 1.2.13. O
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Definition 3.3.5. Let
S:Tc— Pro(Ban)

be the functor characterized by the isomorphism
Hompm(&m)(S(E), “X”) ~ Hom, (F, X)
where X is in Ban and E in 7ec.

Remark 3.3.6. For any object E of 7¢ with P as system of semi-norms, we have

S(E) ~ “lim” E,,

peP
In particular, if E is a semi-normed space, then
S(E) ~ cLE\w.

Proposition 3.3.7. For any object E of T ¢, we have

Proof. Let E be an object of 7 ¢ with P as system of semi-norms. For any Banach
space X, we have successively

Hom'Pro(Ban)(S(E)? “X”> = HOHITC(E’X) = HomTc(E\,X)
= Hom'Pro(Ban)(S(E)? “X”)‘

Proposition 3.3.8. If (E;);cs is a small family of Tc¢, then

S(TTE) =~ [ s(&).

i€l el

Proof. For any Banach space X, we have

Houm(ch)(S(H E), “X7) = HomTc(H E;, X) ~ @ Hom  (E;, X)

i€l iel iel
~ @D Hom p, g (S(E2), “X7)
i€l
~ Hom p, g0 (] [ S(E), “X7)
i€l

where the second isomorphism follows from Proposition 1.1.5. O
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Proposition 3.3.9. If
X—->Y -7

is a costrictly exact sequence of T ¢, then the sequence
S(X) — S(Y) — S(2)

is costrictly exact in Pro(Ban). In particular, the functor S is exact and cokernel
preserving.

Proof. Let X — Y — Z be a costrictly exact sequence of 7 ¢. By Proposition 1.1.12,
the sequence

Hom ,(Z,1°°(I)) — Hom (Y, 1°°(I)) — Hom , (X, 1>(I))
is exact. Since for any object X of 7,
Hom ;. (X, 1%°(1)) = Homp, 5,y (S(X), “I°(1)"),
the conclusion follows from Proposition 3.3.3. O

Definition 3.3.10. Let
L:Pro(Ban) — Tc

be the composite functor

Pro(I)

Pro(Ban) —— Pr O(Tc) —Tec

where I : Ban — 7 ¢ is the canonical embedding. In other words, for any functor
X :I°° — Ban, we set
L(“lim” X (4)) = lim X (7)
€T i€l
where the projective limit is taken in 7 c.

Proposition 3.3.11. For any object E of Tc¢ and any object X of Pro(Ban), we
have the adjunction formula:

HOHITC(E, L(X)) = Hom'Pro(Ban) (S(E>7 X)
In particular, L. preserves projective limits and S preserves inductive limits.

Proof. Let E be an object of 7¢ and let X : Z°° — Ban be an object of Pro(Ban).
Then, we get successively

Hom (£, L(X)) ~ anHomTc(E X (i) ~ anHompm(sm)(S(E)a “X(i)7)
€T €T
~ Hom

Pro(Ban) (S(E>7 X)
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Lemma 3.3.12. For any object E of T ¢ with P as system of semi-norms, we have

L(S(E)) ~limE, ~ E.

—

=

i
€

I

3
v

Proof. The first isomorphism follows from the definitions. As for the second one,
we refer to [6, Chap. IV, § 19, 9.(1) (p. 231)]. O

Proposition 3.3.13. The functor
RCpl: DY (T¢c) — DY (Tc)

is canonically isomorphic to
RLoS.

Proof. By Lemma 3.3.12, Cpl = LoS and by Proposition 3.3.9, the functor S is
exact, so we have to prove that

R(LoS)=RLoRS.

The objects of an injective resolution in 7 ¢ may be assumed to be of the form
E x [L;e; Fi, where E is an object of T¢ with the weakest topology and F; is an
injective Banach space for any ¢ € I. We have

S(Ex [[F) ~SE) < [[stF) ~ ] “F.

iel i€l i€l

Since by [9, Proposition 7.3.9], [[,c; “F;” is L-acyclic, S(E x [ [, F;) is also L-acyclic

and the conclusion follows. O

Corollary 3.3.14. For any object E of T ¢, we have
RCpl(E) ~ RCpl(Sep(E)) ~ RCpl(Cpl(E)).

Proof. This follows from Proposition 3.3.13 and Proposition 3.3.7 keeping in mind
that Cpl(F) ~ Cpl(Sep(F)). O

Corollary 3.3.15. Let E be an object of Tc with P as system of semi-norms.
Then, the following conditions are equivalent.

(i) E is cohomologically complete;
(ii) RLoS(E) ~ E;

(iii) Rlim E), ~ E.

peP
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Proof. The equivalence between (i) and (ii) follows from Proposition 3.3.13.
The fact that (ii) is equivalent to (iii) follows from the isomorphisms

RLoS(E) ~ RL(“lim” E,) ~ Rlim E,.

%
epP €

T

3
v

Theorem 3.3.16. The functor
RL : D*(Pro(Ban)) — DL (Tc)
is an equivalence of categories.
Proof. The functor S : 7¢ — Pro(Ban) being exact, it gives rise to a functor
S: D! (Tc) — D (Pro(Ban)).
First, by Corollary 3.3.15, for any object E" of D}.(7¢), we have
RLoS(FE) ~ E".
Next, consider a complex X
0— XF o Xkt ...

of DT (Pro(Ban)). We know that X has an injective resolution by objects of the
type [[;ez “Ii” where each I; is an injective object of Ban. Since we have

S(L(H “[i”>) = S(H [Z> = H “[’i”
€L ieT icT

we get SoRL(X") ~ X" in DT (Pro(Ban)). Therefore, for any X € D (Pro(Ban)),
we have

(RLoS)(RL(X")) ~ RL(SoRL(X")) ~ RL(X")
and RL(X") € Df(7c¢). The conclusion follows. O

Corollary 3.3.17. Let E and F' be two objects of Tc¢ and let P and () be their
respective systems of semi-norms. If F' is cohomologically complete, then

RHom ;,(E, F) ~ Rlimlim RHom _(E,, F,).
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Proof. By Proposition 1.2.12, we know that £ ~ Rlim E;, and since F' is cohomo-

peP
logically complete, by Corollary 3.3.15 F' >~ R lim Fy;. Then, we have successively
q€Q

)

RHom ;. (F, F') ~ RHom (R lim £}, R lim

—

)

=}

pEP q€q

~ Rlim RHom (Rlim F,, Aq) (*)
q€Q peP

~ R liy R, (. ) o
qeQ pep

~ R limlim RHom g, (E,, [7)
qeQ pep

where the isomorphism (*) follows from [9, Proposition 3.6.3] and the isomorphism

(**) from Proposition 1.2.4. O

3.4 Equivalence between D" (Fr) and D" (Proy(Ban))

Definition 3.4.1. The category of Fréchet spaces is the full additive subcategory
of 7 ¢ whose objects are the Fréchet spaces. We denote it by Fr.

Proposition 3.4.2. Let f : E — F' be a morphism of Fr.

(i) The kernel of f is the subspace f~1(0) of E endowed with the induced topology.

(ii) The cokernel of f is the quotient space F/f(E) endowed with the quotient
topology.

(iii) The image of f is the subspace f(F) of F' endowed with the induced topology.

(iv) The coimage of f is the quotient space E/f~'(0) endowed with the quotient
topology.

Corollary 3.4.3. Let f : E — F be a morphism of Fr. The following conditions
are equivalent:

(i) f is strict in Fr,
(ii) f is relatively open,
(iii) f(E) is closed.

In particular, a morphism of Fr is strict if and only if it is strict as a morphism of
Tec.
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Proof. Tt is sufficient to work as for 7 ¢ keeping in mind the closed graph theorem.
O

Corollary 3.4.4. Let f : E — F be a morphism of Fr. Then, f is a strict
monomorphism (resp. epimorphism) of Fr if and only if f is a strict monomorphism
(resp. epimorphism) of T c.

Proposition 3.4.5. The category Fr is quasi-abelian.

Proof. We know that Fr is additive and that any morphism of Fr has a kernel and
a cokernel.
Consider the cartesian square

of Fr where f is a strict epimorphism. By Corollary 3.4.4, f is a strict epimorphism
of 7 ¢ and since 7 ¢ is quasi-abelian, it follows that u is a strict epimorphism in 7 ¢
and also in Fr.

Finally, consider the cocartesian square

G—sT (*)

|

of Fr where f is a strict monomorphism. Denote o the morphism

9\ . .
(7)o

Recall that

T ~ coker(a) ~ (G & F)/a(E).

By Corollary 3.4.4, f is a strict monomorphism in 7 ¢. Then, f is injective and for
any semi-norm pg of E, there is a semi-norm pg of F' such that

pe(e) < Cpr(f(e)) VeeE

for some C > 0. It follows that « is injective and that

pe(e) < Csup(pr(=f(e)) pa(g(e))) < Cpaar(ale))
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where pg is an arbitrary semi-norm of G and pga r(z, y) = sup(pr(x), pe(y)). Hence,
« is a strict monomorphism and its image is closed. Consequently,

cokera ~ (G & F)/a(FE)

and the cokernel of o in Fr coincides with the cokernel of o in 7 ¢. Then, the square
(*) is cocartesian in 7 c. By Corollary 3.4.4, f is a strict monomorphism of 7 ¢ and
since 7 ¢ is quasi-abelian, it follows that u is a strict monomorphism in 7 ¢ and also
in Fr. O

Proposition 3.4.6. The category Fr has enough injective objects.

Proof. This follows from Proposition 1.1.11 using the fact that countable products
of Banach spaces are Fréchet spaces. 0

Proposition 3.4.7. Fréchet spaces are cohomologically complete.

Proof. Let F be a Fréchet space. By Proposition 3.4.6, F' has an injective resolution
I' in Fr such that I* is also an injective object of 7T c. Therefore,

RCpl(F) ~Cpl(I') ~ I ~ F.
U

Definition 3.4.8. A small category 7 is called countable if the set of objects of 7
is countable and if the set of morphisms between two arbitrary objects of 7 is also
countable.

Definition 3.4.9. Let C be an arbitrary category. A countable pro-object of C is a
functor X : Z°? — C from some countable filtering category Z to C. The category
of countable pro-objects of C is denoted by

Pron(C).

Remark 3.4.10. Working as in [1], one can check easily that for any filtering count-
able category Z, there is a countable filtering ordered set I and a cofinal functor

b:.] — 7.

Thanks to [10, Lemma 4.1], one may even assume that I = N. In particular, for any
countable pro-object X of a category C, we may find a functor

X' :N—=C
such that
X = “lim” X7,.
%

neN
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Proposition 3.4.11. If £ is a quasi-abelian category then Proy(E) is a quasi-
abelian category.

Proof. Work as in [9, Proposition 7.1.5] O
Lemma 3.4.12. For any object X : I°° — Ban of Proy(Ban),
L(X) = lim X ()

€L

is a Fréchet space. In particular, we may consider the functor
L : Pron(Ban) — Fr.
Corollary 3.4.13. The functor
L : Prox(Ban) — Fr
is right derivable and its derived functor
RL : D" (Proy(Ban)) — D*(Fr)
is an equivalence of categories.

Proof. Since Ban has enough injective objects, Proy(Ban) has enough injective
objects and L : Proy(Ban) — Fr is right derivable. The functor S : Fr —
Pron(Ban) being exact, it gives rise to a functor

S: DT (Fr) — D (Pron(Ban)).
Consider a complex F"
0 — Fk _, pk+l _, pkt2
of DY(Fr). For any n > —Fk, since F" is cohomologically complete, we have
RLoS(F") ~ F" ~LoS(F"),

where the last isomorphism follows from Lemma 3.3.12. Hence, S(F") is a L-acyclic
resolution of S(F") and we have

RLoS(F') ~LoS(F") ~ F".

Hence, the complexes of Dt (Fr) are cohomologically complete. As in the proof of
Theorem 3.3.16, one checks that the functor

RL : DY (Proy(Ban)) — DY (Fr)
is an equivalence of categories and its quasi-inverse is given by

S: DY (Fr) — DT (Pron(Ban)).
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4 Duality functors

4.1 The inductive dual

Remark 4.1.1. Let us recall that if F is a semi-normed space, then the dual of F,
denoted here by D(E), is a Banach space. If p is the semi-norm of E, then the norm
of D(E) is defined by

17l = sup [7(2)]
p(z)<1

for any 7 € D(E).

Recall that if E is a semi-normed space, we have the isomorphism of Banach
spaces D(E) ~ D(E) In particular, if E is an object of 7¢ with the weakest
topology, then D(E) ~ 0.

Recall also that the duality functor

D : Ban — (Ban)°?
is exact. As a matter of fact, consider a strictly exact sequence
0—ESF ER G—0

of Banach spaces. Since C = [*({0}) is an injective object of Ban, the sequence

0 — D(G) 22 p(F)

D(e)
—_—

D(E) — 0

is an exact sequence of vector spaces. Since the images of D(f) and D(e) are closed,
the Banach homomorphism theorem shows that D(f) and D(e) are strict.

Let X be an object of 7¢. Recall that a set of continuous linear functionals
E:{fz’lel,sz—)C}

is equicontinuous if for any € > 0, there is an absolutely convex neighborhood of
zero V' in X such that

|fi(v)] <€ YoeV, Viel.

It is equivalent to ask that there is an absolutely convex neighborhood of zero V' in
X such that F C V° or that E° is a neighborhood of zero in X. In particular, the
polar of any semi-ball of X is equicontinuous.

Definition 4.1.2. We denote by

Di:Tc— Tc®



Derived Categories for Functional Analysis 43

the inductive dual functor, which associates to any object X of 7c¢ the dual space
X’ endowed with the inductive topology. In this topology, a basis of neighbor-
hoods of zero is formed by the absolutely convex subsets of X’ which absorb any
equicontinuous set.

Lemma 4.1.3. If X is a semi-normed space, then D;(X) ~ D(X).

Proof. Recall that if p is the semi-norm of X, then a basis of neighborhoods of zero
in D(X) is given by {b,(r)° : 7 > 0}. The conclusion follows easily. O

Proposition 4.1.4. Let E be an object of 7 ¢ and let P be its system of semi-norms.
Then, we have

D;i(E) ~ lim D(E,) ~ lim D(E, ).
peP peP

Proof. By Lemma 4.1.3, it is sufficient to show that lim D;(E),) ~ D;(E). Consider
peP
the continuous linear application

defined by
uwor, = Di(ep) Vpe P

where e, : E — E, is the continuous identity map. This application u is clearly
bijective.

To conclude, it is sufficient to show that «~" is continuous. Consider a subset
U of Di(E) such that u~'(U) is a neighborhood of zero in lim D;(E,). Let us show

peP
that U is a neighborhood of zero in D;(£). Consider a semi-ball b,(1) of E. Denote

(bp(1)) % (resp. (bp(1))g) the polar of by(1) in E” (resp. Ej). Since

1

rp (N (U)) = (wor,) N (U) = (Diley)) (V)

p

is a neighborhood of zero in D;(E,), (Di(e,)) ! (U) absorbs (bp(l))oE{?. Hence, there
is C' > 0 such that

(b5(1)) 3, € C(Dilep)) ™' (U).
It follows that

(bp(1) 5 = (Dilen)) ((bp(1)),) € C(Di(ep))[(Diley)) ' (U)] € CU.

Therefore, U absorbs the polar of any semi-ball of £ and U is a neighborhood of
zero in D;(E).
The last isomorphism follows from Remark 4.1.1. O
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Proposition 4.1.5. For any family (X, )aca of objects of Tc, we have
Di([] Xa) ~ P Di(Xa).
a€cA acA

Proof. Denote

fEPDi(Xa) = Di(]] Xa)

acA acA
the canonical morphism of 7 ¢ induced by the morphisms

Di(pa) : Di(Xa) = Di(J ] Xa)

where

pa: [[ Xo — Xa

is the canonical projection. It is well-known (see e.g. [6, Chap. IV, § 22, 5.(2)
(p. 284)] that f is a bijection. Hence, it is sufficient to prove that it is open.
Consider a closed neighborhood of zero U in @, 4 Di(X4). Then,

U> <U aa(Ua)>

acA

where each U, is a closed absolutely convex neighborhood of zero in D;(X,) and o, :
D;i(Xa) — @, c4Di(Xa) is the canonical embedding. Consider an equicontinuous
set ' of (J],ca Xa). There is an absolutely convex neighborhood of zero V' in
[1.c4 Xa such that

EcVe.
We may assume that
v=][v
a€cA

where each V,, is a closed absolutely convex neighborhood of zero in X, and the set
{a€e A:V, # X,}
is finite. Since U, is a neighborhood of zero in D;(X,), there is C, > 0 such that
Ve C CuU,.

If Vo, = X,, then V) = X2 = 0 and we may assume C, = 0. Then, setting
C = sup,eq Ca, we get

Ec([vacr <Uaa(v;)> cCf <UUQ(UQ)> c Cf(U)

acA a€cA a€cA




Derived Categories for Functional Analysis 45

where the second inclusion follows from e.g. [6, Chap. IV, § 22, 5.(1) (p. 283)].
Hence, f(U) is a neighborhood of zero in Ds(J ], c 4 Xa)- O

Proposition 4.1.6. The functor D; : Tc — T c°? is left exact.

Proof. Consider a strictly exact sequence
0—-xLyLz—o

of Tec. We know that the sequence

Di(g)

Di(Z) —= Diy(X) — 0

is algebraically exact and that the applications D;(g) and D;(f) are continuous.
Therefore, it is sufficient to show that D;(f) is strict, i.e. D;(f) is relatively open.

Let V' be a neighborhood of zero in D;(Y') and E be an equicontinuous subset of
X'. We have to show that D;(f)(V) absorbs E. Let px be a continuous semi-norm
of X such that E C b, (1)°. Since f is a strict monomorphism, there is a continuous
semi-norm py on Y such that

px(z) < py(f(z)) vz € X.

Let 7x € by, (1)°. We have |7x(z)| < px(x) and the Hahn-Banach theorem shows
that there is 7v € Y’ such that

Iv(y)| <py(y) and  7yof=r1x.

It follows that by, (1)° C Di(f)(bp, (1)°). Since by, (1)° is an equicontinuous subset
of Y, there is C' > 0 such that b, (1)° C CV. It follows that

bpx (1)° € Di(f)(bpy (1)°) € CDi(f) (V).
Hence, the conclusion. O

Proposition 4.1.7. Let T be a small category. For any object X of Tc*™", we have

RD;(R lim X (i) ~ Llim(RD;(X))(0)

€L i€l
Proof. We know that X has an injective resolution in 7 ¢ of the form
0 — I(S°) — II(S*) — ---

where for [ > 0, S! is an injective object of T OP@)
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On one hand, since for [ > 0,
im (S (i) ~ [[S'G)  and D] S'() ~ @ DiS'(i))
ZGI i€l i€l i€l
and since a product of injective objects is an injective object, RD;(Rlim X (4)) is

1€l
given by the complex

= DD ) — DD ) — 0

On the other hand, by Proposition 4.1.5, one can check easily that for [ > 0

D;(T1(S")) =~ H(Ds(S1)).
Then, L1lim(RD;(X))(4) is given by the complex

€L

- — Im I(D;(S1)) (i) — lim II(D;(5°)) (i) — 0.

€L €T
Since for [ > 0, we have
lim IT(D ~ @D Di(8") () ~ @D Di(S'(4)
161 i€l i€l

the conclusion follows. O
Proposition 4.1.8. If X is a semi-normed space, then RD;(X) ~ D(X).

Proof. We know that X has an injective resolution of the form
0—1° =71 =

such that for [ > 0, I' = E' x F' where E' is an object of 7¢ with the weakest
topology and F' is an injective Banach space. Since for [ > 0, I' is semi-normed,
we have D;(I') ~ D(I'). Moreover, since C = [*°({0}) is an injective object of 7T,
the complex

N D([l) — D(IO) — D(X) —0
is algebraically exact. Then, the image of any morphism of this complex is closed and
by the Banach homomorphism theorem, the complex is strictly exact. Therefore,

RD;(X) ~ D(X).
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Corollary 4.1.9. If (X,)aca is a family of semi-normed spaces, then
RD;(J] Xo) ~ Di(J ] Xo).
acA acA

Proof. Since direct products and direct sums are exact in 7 ¢, we may apply Propo-
sition 4.1.7 and we have

RD;(J ] Xa) ~ @D RD:(X.).

acA acA
The conclusion follows from Proposition 4.1.8 and Proposition 4.1.5. O
Proposition 4.1.10. For any object X' of D (7T¢), we have
RD;(RCpl(X")) ~ RD;(X").
Hence,
RD;i(E) ~ RD;(Sep(E£)) ~ RD;(Cpl(F))
for any object E of Tc.

Proof. Consider an object X of DT (7 ¢). We know that X has an injective resolu-
tion by objects of the type
I=Ex][]F°
acA
where E' is an object of 7 ¢ with the weakest topology and F'® is an injective Banach
space. For such an object, we have

Cpl(l) ~ [[F* and  Di(I) ~Di(J] F*).

acA acA

Since a product of injective objects is injective, we get
RD;(RCpl(1)) ~ RD;(I).
O

Remark 4.1.11. Recall that since the functor D : Ban — (Ban) is exact, it
induces an exact functor

Pro(D) : Pro(Ban) — Pro(Ban?) ~ (Ind(Ban))°®.
For any small filtering category Z and any functor X : Z°° — Ban, we have

Pro(D)(“lim” X(i)) = “lm” D(X ().

€L €T
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Proposition 4.1.12. The diagram

D* (Pro(Ban)) ——2C" s D+((Tnd(Ban))™) ~ (D~ (Ind(Ban)))*
DH(Te) — DHT ) =~ (D (Te))™

1s commutative.

Proof. Consider an object X of D*(7¢). We know that X has an injective resolu-
tion by objects of the type
I=Ex][[F°

acA

where E is an object of 7 ¢ with the weakest topology and F'® is an injective Banach
space. On one hand, we have

Di(I) ~ Di(E) ® @ Di(F*) ~ D(E) @ @ D(F*) ~ HD(F*).

acA a€cA a€cA

On the other hand, we have

S(I) ~S(E) x [[S(F*) ~ [ “F*.

acA a€cA

Therefore, we get successively

Pro(D)(S(I)) ~ Pro(D)(] [ “F*") = Pro(D)( lim []“F’")

acA JEPF(A) jeg
~ Lcli—r>n77 D(H Fj) ~ llm” @D Fj ~ @ “D(Fa>”.
JEPf(A) jeJ JEPf(A JjeJ a€cA

Since

@ “D(Fe)”

acA

is L-acyclic (see [9, Proposition 7.3.9]) and since
L(@ (CD FOC 77 @ L (CD FOC 77 @ D FOC
acA acA acA

the conclusion follows. O
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Corollary 4.1.13. The diagram

D (Pro(Ban)) ——2. (D~ (Tnd(Ban)))*
RL LL
Dt (Tec) "D, (D™ (Tc))®
is commutative.
Proof. This follows directly from Theorem 3.3.16 and Proposition 4.1.12. O

4.2 Relations with the strong dual

Definition 4.2.1. We denote by
Dy:7Tc— Tc®

the strong dual functor which associates to any object X of 7 ¢ the dual space X’
endowed with the strong topology. In this topology, a basis of neighborhoods of zero
is formed by the polar of the bounded subsets of X. The system of semi-norms is
thus given by

{pp : B bounded subset of X}

where pp is defined by

pe(T) = sup |7(z)] V71 € Dp(X).

zeB

Proposition 4.2.2. The inductive topology is stronger than the strong topology.

Proof. Consider a bounded subset B of an object X of 7 ¢ and let F be an equicon-
tinuous set. There is an absolutely convex neighborhood of zero V' in X such that
E C V°. Since B is bounded, there is C' > 0 such that B C C'V. It follows that
E C CB° and that B° is a neighborhood of zero in D;(X). O

Proposition 4.2.3. If X is a semi-normed space, then D(X) ~ D, (X).

Proof. This is clear since semi-balls are bounded in X. O
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Proposition 4.2.4. The functors
RD;: Dt (Tc¢) — D (Tc¢)®

and
RDy, : D™ (Tc¢) — D (T¢)®,

are canonically isomorphic.

Proof. Let X be an object of D (7¢). We know that X has an injective resolution
by objects of the type I = Ex ][, 4 F'* where E is an object of 7 ¢ with the weakest
topology and F'* is an injective Banach space for any o € A. We have

Di(I) ~ Di(E) ® @ Di(F*) ~ @ D(F).

acA acA
Moreover,
Dy,(I) ~ Dy(E) ® @ Dy(F*) ~ EPD(F*)
acA acA
where the first isomorphism follows from [6, Chap. IV, § 22, 5.(4) (p. 287)]. There-
fore, RD;(X) ~ RDy(X). O
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